We perform what we believe is the first computational study of phase jitter and comb linewidths in a nonsolitonic fiber laser with large changes in the pulse on each round trip. For fiber lasers operating in or near the similariton regime, we investigate how the pulse parameters and noise performance depend on the system parameters. Across a large dispersion range, the dechirped pulse width, timing jitter, phase jitter, and comb linewidths are smaller when the gain in the optical amplifier is larger. Over a narrow range of negative dispersion values near zero, the timing jitter and comb linewidths are smaller with a wider optical filter. However, with the wider optical filter, the pulse width increases significantly, and the noise performance deteriorates rapidly as the dispersion increases above zero. These trends are in general agreement with experimental studies of timing jitter and the linewidth of the carrier-envelope offset frequency in Yb-fiber lasers and are consistent with the Namiki-Haus theory of timing jitter in a stretched-pulse laser.
INTRODUCTION
In this paper, we compute the width of a line in the frequency comb generated by a similariton laser due to amplified spontaneous emission (ASE) quantum noise, and we study the sensitivity of the linewidth to changes in the system parameters. Our approach is based on a formula for the power spectral density of the optical pulse train in terms of the power spectrum of the noise-free optical pulse, the timing jitter, and the phase jitter [1] . Since analytical expressions are not available for the timing jitter and the phase jitter, we use numerical methods to determine the periodically stationary noise-free pulse and to compute the timing and phase jitter.
By a similariton laser, we mean a laser that includes a normal dispersion fiber amplifier in which the pulse exiting the fiber amplifier has an approximately parabolic intensity and linear local frequency [2] . To obtain a periodically stationary pulse, these lasers typically also include a narrowband optical filter after the fiber amplifier [3] . Since the periodically stationary pulses in these lasers undergo large changes each round trip, their noise performance can be quite different from that predicted by models based on classical soliton perturbation theory, in which the pulse is assumed to be stationary [4] [5] [6] . For example, a computational simulation by Paschotta [5] showed that the power spectral density of the timing jitter of a particular similariton laser was substantially larger than what was predicted by a simple analytical model. The noise performance of similariton lasers must therefore be modeled using a computational method such as that of Paschotta [7, 8] , or the method we use here.
Fiber lasers designed to generate frequency combs typically consist of a mode-locked fiber laser, an external highly nonlinear fiber to facilitate the generation of an octave-spanning supercontinuum, and electronic feedback mechanisms to stabilize the comb. Newbury and Swann [9] describe a number of intracavity and extracavity noise sources that perturb the frequency comb. They argue that intracavity noise broadens the comb linewidths, while extracavity noise increases the noise floor.
Telle et al. [10] describe the fluctuations in a frequency comb due to system perturbations using the analogy of an elastic tape marked with equally spaced frequency lines that is held fixed at one point and randomly stretched due to the perturbations. Their model highlights the fundamental role that perturbations in the central time and phase of the pulse have on the uncertainty in the comb frequencies. The frequency of the nth line in the comb is given by ν n f ceo nf rep . In the presence of intracavity noise, the repetition frequency, f rep , and the carrier-envelope offset (ceo) frequency, f ceo , fluctuate on a time scale, T , that is slow compared to the round-trip time, resulting in a fluctuation, δν n T , of the frequency of the nth line.
In their study of the frequency comb generated by a solitonic or stretched-pulse fiber laser, Newbury and Washburn [11] derived formulas for the perturbations in f ceo and f rep due to perturbations in the central time and phase of the pulse. They also derived a system of equations for the perturbations in the central time, phase, and other pulse parameters due to fluctuations in cavity length, gain and loss, and higher-order nonlinear and dispersive effects. However, they did not include perturbations due to ASE noise.
The power spectral density, S n f , of the frequency noise on the nth comb line is the Fourier transform with respect to T of the frequency fluctuation, δν n T . In the case of ASE noise, S n is independent of f and the full width at half-maximum of the linewidth at optical frequency, ν n , is L n πS n 0 [9] . Building on fundamental work of Haus and Mecozzi [4] for solitonic lasers, Paschotta and coworkers [5, 7, 8, 12] and Menyuk and Wang [6] derived analytical formulas for the power spectral density of the frequency noise due to various quantum and technical noise perturbations. Their results were obtained for general-shaped stationary pulses but have also been applied to periodically stationary pulses with limited variations in the pulse parameters each round trip of the laser cavity. Based on the models of Paschotta, Newbury and Swann [9] calculated the contributions that the various noise sources make to the power spectral density of the frequency noise and hence to the linewidths, L n . In particular, they showed that away from the center of the comb, the linewidth is dominated by the contribution due to pump-induced noise. However, analytical methods such as these are not valid for similariton lasers in which there are large changes in the pulse parameters each round trip.
Wahlstrand et al. [13] computed the optical comb linewidth as a function of frequency for a mode-locked Ti:sapphire laser using values of the phase and timing jitter obtained from experimentally derived parameters for the linear response of the laser to perturbations. More recently, Nugent-Glandorf et al. [14] measured the dependence of the linewidth of the ceo frequency, f ceo , on the round-trip dispersion for a Yb-fiber laser without a narrowband optical filter. Since f ceo is the product of the repetition rate and the carrier-envelope phase change per round trip, the linewidth of f ceo is related to the timing jitter (due to noise on the repetition rate) and the phase jitter (due to noise on the carrier-envelope phase). For their system, the linewidth was minimized at zero dispersion, and increased more rapidly as the dispersion increased from zero than when it decreased from zero.
The idea for the similariton laser originated in the work of Fermann et al. [15] , who found exact self-similar asymptotic solutions of the nonlinear Schrödinger equation in a fiber amplifier with normal dispersion and simple gain. They showed that after a sufficiently long propagation distance, an arbitrary pulse asymptotically evolves into a pulse with a parabolic power profile and a linear local frequency. The amplitude, pulse width, and spectral width of the asymptotic pulse increase exponentially with distance along the fiber and only depend on the energy of the input pulse. These similariton solutions therefore grow self-similarly in the fiber amplifier. However, the distance required before an initial pulse agrees with the asymptotic solution to within a specified tolerance depends on how closely the two solutions agree at the input. The existence of similaritons in a fiber amplifier led to the development of similariton lasers, which are based on two key ideas. The first key idea is that if the pulse entering the fiber amplifier is sufficiently close to the asymptotic solution, then it will rapidly converge to the asymptotic solution as it propagates through the fiber amplifier [15] [16] [17] . The existence of this attracting asymptotic solution thereby facilitates the formation of periodically stationary pulses. However, the parabolic pulse exiting the fiber amplifier is very far from the desired asymptotic solution at the entrance to the fiber amplifier. Therefore, in order to obtain a periodically stationary solution, the exiting pulse must be modified before re-entering the fiber amplifier. To achieve this goal, the second key idea is to insert a narrowband optical filter and a loss element after the fiber amplifier to ensure that the spectral width and energy of the pulse re-entering the fiber amplifier are sufficiently close to those of the asymptotic solution [18, 19] . In addition to narrowing the pulse spectrum, since the local frequency of the pulse is linear in time, the optical filter also decreases the temporal width of the pulse to approximate that of the asymptotic solution. Chong et al. [3] showed that the key parameters affecting the shape of the pulses produced in the similariton laser are the nonlinearity, spectral bandwidth, and round-trip dispersion.
Taken together, a series of experimental studies [14, [20] [21] [22] [23] [24] demonstrate that the design of similariton lasers can be further improved using a third key idea. For soliton and stretched-pulse lasers, the noise performance of the laser depends on the dispersion [4, 25] . The idea is to insert a dispersive delay line into the loop to vary the round-trip dispersion. Since the asymptotic pulse only depends on the energy at the input to the fiber amplifier, the round-trip dispersion can be varied across a wide range from the normal to the anomalous dispersion regime without introducing large changes to the pulse at the exit to the fiber amplifier [20] . In this manner, it is possible to optimize the noise performance of the laser without introducing significant changes to the parameters of the pulse exiting the system. In this paper, for a fiber laser with large changes in the pulse parameters each round trip, we systematically investigate how both the pulse parameters and the noise performance depend on the system parameters, and especially on the round-trip dispersion. The pulse parameters we consider are the energy, pulse width, peak power, chirp, and spectral width, and we quantify the noise performance in terms of the jitter in the energy, frequency, central time, phase of the pulse, and the width of the lines in the frequency comb. Our results are obtained for a fiber laser operating in or near the similariton regime. In addition to a baseline system whose design is close to that of several experimental systems [14, 17, 23] , we consider two variants, a more nonlinear system with larger gain in the fiber amplifier, and a system with a wider optical filter. We show that the optimally compressed pulse width after the pulse exits the laser is smallest for the more nonlinear system and is insensitive to the round-trip dispersion. The width of the frequency comb is also largest for this system. Moreover, across the entire dispersion range we considered, the timing jitter, phase jitter, and linewidths are also smaller for this variant of the system than for the baseline system. We also found that over a narrower range of negative dispersion values near zero, the timing jitter and comb linewidths are somewhat smaller for the system with the wider optical filter. However, with the wider optical filter, the pulse width increases significantly, and the noise performance deteriorates rapidly as the dispersion increases above zero. The trends that we report here are in general agreement with experimental studies of timing jitter [22, 23] and the linewidth of the ceo frequency [14] in Yb-fiber lasers. To our knowledge, our work is the first computational study of phase jitter and the linewidth in a nonsolitonic fiber laser, and our results are consistent with trends observed in the NamikiHaus theory of timing jitter in a stretched-pulse laser [25] .
In Section 2, we describe our laser model, and in Section 3 we discuss the method that we used to compute the timing and phase jitter. In particular, we provide some theoretical justification for an intuitive method of McKinstrie and Xie [26] for computing phase jitter in a Monte Carlo simulation. In Section 4, we discuss the formulas we used for the power spectral density of the frequency comb and for the widths of the lines in the comb. We discuss numerical implementation issues in Section 5, and in Section 6 we present the results of our numerical simulations. In Section 7, we discuss relationships between our results and previous experimental and theoretical studies, and in Section 8 we present our conclusions and directions for future work.
LASER MODEL
We study mode-locked fiber laser systems in which an optical pulse is generated in a loop that consists of a nonlinear fiber amplifier, followed by a saturable absorber, an optical filter, a dispersive delay line, and an output coupler. After the optical pulse exits the loop, it is compressed by an external dispersive delay line to obtain the minimum possible pulse width. The system parameters can be chosen so that this simplified laser system is similar to several experimental Yb-fiber laser combs that operate in the stretched-pulse or similariton regimes [2, 14, 16, 17, [19] [20] [21] 23, [27] [28] [29] . Because of the large changes in the pulse parameters each round trip, an averaged (or distributed) laser model is not appropriate. Instead, we use a full (or lumped) laser model in which we model the action of each laser component on the light as it passes through that component [6] .
We model the fiber amplifier using the nonlinear Schrödinger equation with band-limited saturable gain,
Here u uz, t is the electric field envelope of the light, where z denotes position in the fiber amplifier, and t is retarded time across the pulse. The saturable gain, g, is given by
where g 0 is the unsaturated gain, Ez is the pulse energy at position z, and E sat is the saturation energy. For simplicity, in Eq.
(1) we model the finite bandwidth of the amplifier using a Gaussian filter with bandwidth Ω g . For simulations with noise, we add white Gaussian noise in the fiber amplifier. The chromatic dispersion coefficient, β, is negative in the anomalous dispersion regime and positive in the normal dispersion regime, and the γ is the nonlinear Kerr coefficient of the fiber. We model the saturable absorber using the fast saturable loss transfer function
where l 0 is the unsaturated loss and P sat is the saturation power. We model the optical filter as a Gaussian filter, which typically has a much narrower bandwidth than that of the fiber amplifier.
TIMING AND PHASE JITTER
In this section, we discuss the method we used to compute the timing and phase jitter in a mode-locked laser, and in the next section, we will use the computed timing and phase jitter in a formula for the width of a comb line. For the laser systems we studied, the variances of the timing and phase shifts are linear functions of the number of round trips of the laser. We therefore define the timing and phase jitter per round trip to be the square root of the timing and phase variance per round trip. To calculate the timing and phase variances, we need definitions for the timing and phase shifts of a pulse due to noise perturbations. Following standard practice [30] , we define the central time, t C , of an optical pulse, u, using the moment integral
and the timing shift, Δt, of a noise-perturbed pulse to be the amount that t C changes due to the perturbation. In situations where it is applicable, perturbation theory can be used to provide an alternate definition of the timing shift. Specifically, in the existing perturbation theories for soliton and stretchedpulse lasers [4, 25] , the noise-perturbed optical pulse is given in terms of several pulse parameters, including the central time and phase. In this situation, the timing shift is defined to be the shift in the time parameter due to the perturbation. An evolution equation for the timing shift is then derived by taking an inner product between the noise-perturbed pulse and the dual of the timing mode of the linearization of the governing equation. Significantly, these two definitions of the timing shift agree: Menyuk and Wang [6] proved that the timing shift obtained from perturbation theory is equal to that obtained from Eq. (4). However, unlike the case of the timing shift, there is no universally agreed-upon definition for the phase shift, and there can be a lack of agreement between the phase shifts computed using the different definitions in the literature. For example, in situations where soliton perturbation theory is applicable, the phase shift obtained from the projection of the noise-perturbed pulse onto the phase mode of the linearized equation is not consistent with intuitive definitions of the phase shift, such as the definition of McKinstrie and Xie we discuss below [26] . This lack of agreement has implications for the quantitative application of perturbation theories to the noise performance of mode-locked lasers and is a topic that merits further investigation. Specifically, in their study of the phase jitter in a soliton-based optical communications system, McKinstrie and Xie [26] introduced two methods to numerically compute the phase shift of a noise-perturbed pulse in a Monte Carlo simulation. In the first method, they define the phase of the pulse in terms of moment integrals for the real and imaginary parts of the complex field envelope. This definition, which forms the basis of the method that we will use for the results in this paper, is given below. In the second method, after filtering out high-frequency noise, they define the phase of the pulse to be the time average of the instantaneous phase. Using Monte Carlo simulations, they showed (and we verified) that although the phase jitters computed using these two methods agree, they are both significantly different from the formula for the phase jitter derived by Iannone et al. [31] using soliton perturbation theory. In soliton perturbation theory, any function can be decomposed as a linear combination of four discrete modes (timing, phase, amplitude, and frequency) and the continuum. Based on results of Moore et al. [32] , we suggest that the lack of agreement observed by McKinstrie and Xie occurs not because of a breakdown in soliton perturbation theory, but because the phase shifts computed using the two numerical methods of McKinstrie and Xie are influenced, not only by the projection onto the phase mode, but also by contributions from the continuum. To circumvent this problem, for the important sampling method they developed, Moore et al. [32] computed the phase shift of a noise-perturbed pulse by numerically projecting the pulse onto the phase eigenfunction of the linearized system. However, such an approach is only available for laser systems for which there is a well-established perturbation theory, either analytical or computational in nature [6] , and it is an open question as to whether such a definition of the phase shift is relevant for the computation of comb linewidths in an experimental system. Moreover, since we are not aware of any published work on a perturbation theory for similariton lasers, it is not currently possible to define the phase shift for a pulse in a similariton laser using the method of Moore et al. Therefore, for the results in this paper, we define the phase shift using a modification of the first method of McKinstrie and Xie, which, as we will show, is appropriate for use in the formula that we will derive in the next section for the width of a comb line.
We assume that, in the absence of noise, after the nth round trip of the laser, the output optical pulse is of the form u n t U t − nT R expinϕ sl , where
Here E is the pulse energy, and R is a real-valued function normalized so that R ∞ −∞ jRtj 2 dt 1. The parameter T R is the round-trip time, and ϕ sl is the phase slip from one round trip to the next. We assume that the phase function, ϕ, is of the form
To first order, the effect that noise has on the pulse, u, is to shift the energy, central time, phase, and central frequency of the pulse. In addition, a continuum contribution is generated.
In contrast to the case of soliton perturbation theory, here we simply assume that in the presence of noise, after the nth round trip, the pulse exiting the loop at the output coupler is of the form
for some random shifts ΔE n , Δt n , Δθ n , and Δω n . However, we ignore any radiation. We can compute ΔE n , Δt n , and Δω n using moment integrals of the perturbed pulse, u n [30] .
We will now show that a slight modification of the first method of McKinstrie and Xie can be used to compute the phase shift, Δθ n . Simplifying notation and transforming to local time, we seek to extract the phase-shift parameter, Δθ, from a noise-perturbed pulse of the form
given that ΔE, Δt, and Δω have already been computed. To that end, we first shift the frequency of u by Δω and then shift the resulting pulse in time by Δt to obtain
Next, we compute the moment integrals
and set ψ argX iY . A calculation using trigonometric addition formulas then shows that
where
Since the parameters C U , S U , and ψ sl do not depend on the noise, the phase variance is given by EΔθ − EΔθ 2 Eψ 2 , which can be computed using a Monte Carlo simulation.
COMB LINEWIDTHS
In this section, we compute the power spectral density of the frequency comb generated by a mode-locked laser and the linewidth of a comb line. Here, we summarize the derivation of the formulas that we use to relate these quantities to phase and timing jitter. More details may be found in [1] . For this calculation we assume that the width of a comb line depends primarily on the timing variance, phase variance, and time-phase covariance. By Eq. (7), the output optical pulse train is of the form
where A n 1ΔE n ∕E 1∕2 and Δϕ n tnϕ sl Δθ n Δω n t.
The power spectral density of the stationary process, u, is given by
where E is the expectation operator, and
A calculation shows that [1]
In Section 6, we will describe results of numerical simulations of a similariton laser, which show that while the variances of the timing and phase shifts grow linearly with the number of round trips, the variances of the energy and frequency shifts are small and essentially constant as a function of the number of round trips of the laser. The reason for this behavior is that the gain saturation of the fiber amplifier and the optical filter in the loop stabilize the pulse energy and central frequency, respectively. These results suggest that it is reasonable to assume that the energy and central frequency perturbations in Eq. (16) are zero, i.e., that A 0 A n A and Δω 0 Δω n 0 for all n. Consequently, we obtain
To evaluate the expectation in Eq. (17), we assume that the timing variance, phase variance, and time-phase covariance grow linearly with propagation distance, so that
and EΔt n Δθ n C tθ jnjT R , where the coefficients C θθ , C tt , and C tθ can be computed using Monte Carlo simulations. Next, if we assume that the multivariate random variable Δθ n , Δt n follows a multivariate normal distribution, then the expectation EexpfiΔt n ω − Δθ n g is the Fourier transform (characteristic function) of a two-dimensional Gaussian, and so [33] 
where the optical comb linewidth function is given by
After summing a geometric series, we find that
We observe that, except for the ω dependence of L, the final factor in Eq. (21) is the transfer function of a Fabry-Perot filter.
The
Since LωT R is typically small, the shape of the line at frequency ω is well approximated by a Lorentzian function with a full width at half-maximum, FWHM Lω∕2π Hz. Equation (20) is consistent with the picture of Telle et al. [10] in which an elastic tape marked with equally spaced spectral lines is randomly stretched while it is held fixed at a characteristic frequency, ω fix . Therefore, the fluctuations in the line at frequency ω should increase as jω − ω fix j increases. Using this picture, Newbury and Swann [9] provided a physically motivated formula for the linewidth due to ASE noise in a solitonic laser that-like Eq. (20)-has a quadratic dependence on the frequency of the line.
NUMERICAL IMPLEMENTATION
We used an evolutionary approach to determine periodically stationary solutions, compute pulse dynamics, determine laser stability, and quantify the noise performance of the laser [6] . We solved Eq. (1) using a modified split-step Fourier method [34] with absorbing boundary conditions. To find periodically stationary solutions, we propagated an initial Gaussian pulse for a large number of round trips of the laser and identified those system parameter regimes for which there was a sufficiently small mean-square error between the solution at 80 and 100 round trips of the laser. To determine the noise performance of the laser, the resulting periodically stationary pulse solution was that used as the initial condition in a Monte Carlo simulation. To study the effects that nonlinear interactions between the pulse and ASE noise have on the noise performance of the laser, we added white Gaussian noise to the pulse each time it passed through the optical fiber amplifier. To obtain sufficiently accurate results, we artificially increased the noise power by a factor of between 10 and 10 4 and then rescaled the results accordingly [7] . We then computed the induced shifts in the pulse parameters at the output coupler, and we quantified the uncertainty in their statistics using confidence intervals calculated from ensembles of Monte Carlo simulations and Student's t distribution [33] . We verified the correctness of our computational method by comparison to analytical results obtained using soliton perturbation theory [6, 26, 35] .
RESULTS
We present results for three laser systems: A, B, and C. The baseline System A is closely related to the similariton Yb-fiber laser of Hartl et al. [17] , although it also includes a narrowband optical filter to ensure the existence of stable pulses when the round-trip dispersion is zero. For System A, we used a fiber amplifier of length L 2 m with a normal dispersion of β 25 kfs 2 (1 kfs 2 10 −27 s 2 ), a nonlinear Kerr coefficient of γ 0.0044 Wm −1 , and an amplifier bandwidth of Ω g 50 THz. The unsaturated gain was g 0 7 m −1 , and the saturation energy was E sat 170 pJ. The unsaturated loss of the saturable absorber was l 0 0.95, and the saturation power was P sat 1400 W. We used a Gaussian optical filter with a full width at half-maximum of FWHM 1.2 THz (which corresponds to 4 nm at 1000 nm). The bandwidth of the optical filter was therefore considerably narrower than that of the fiber amplifier. We adjusted the dispersion of the delay line to vary the round-trip dispersion from β RT −100 kfs 2 to β RT 100 kfs 2 in increments of 10 kfs 2 . Although such a wide range of dispersion values is unlikely to be realized in experimental systems, it is useful to illustrate trends in the pulse dynamics and noise performance. For simulations with noise, we used a spontaneous emission factor of n sp 1 in the fiber amplifier. For computation of comb linewidths, we assumed a round-trip time of T R 10 ns. The parameters for Systems B and C were the same as those for System A, except that for System B we quadrupled the unsaturated gain of the fiber amplifier to be g 0 28 m −1 , and for System C we doubled the width of the Gaussian optical filter to be FWHM 2.4 THz.
In Fig. 1 , with the solid curves we show plots of the optical power (top row) and local frequency (bottom row) of the pulse at the exit to the fiber amplifier for large negative dispersion (β RT −50 kfs 2 , left column), small positive dispersion (β RT 10 kfs 2 , middle column), and large positive dispersion (β RT 50 kfs 2 , right column). We first assess how close the pulse is to a similariton. In the top row of Fig. 1 , we show with a dashed curve the pulse with parabolic power profile, P, that has the same energy, central time, and root mean square (RMS) pulse width as the pulse, u, exiting the fiber amplifier. The agreement is best with Systems A and C at small positive dispersion. In these two cases, the local frequency is also closest to being linear across the pulse. The agreement is also good for System A at large negative and at large positive dispersion, although in these cases the local frequency is not as linear near the edges of the pulse. On the other hand, for System C, the pulse is closer to a Gaussian at large positive dispersion and develops oscillations at large negative dispersion. In fact, for System C at the even larger negative dispersion of β RT −100 kfs 2 , the solution we found was not periodically stationary. Therefore, we have omitted this dispersion value in subsequent figures that show the pulse dynamics and noise performance of System C.
To further quantify these trends, in Fig. 2 (left) , we plot the relative mean-square error, E, between the pulse, u, and the best-fit parabola, P, as a function of β RT . Here we set E R jutj 2 − Pt 2 dt∕ R Pt 2 dt, where the integrals are taken over the interval where Pt > 0. Although the error E is smallest with System C at small positive dispersion, the fit becomes significantly worse as jβ RT j increases, since the nonparabolic sides of the pulse are not cut off as much by the wider filter (see Fig. 1 ). On the other hand, the pulse in System A is close to being parabolic when jβ RT j < 50 kfs 2 . Comparing the results for Systems A and B, we see that the degree to which the pulse is parabolic depends on having the correct balance between nonlinearity and dispersion. In a wide interval about zero dispersion, the fit is better for System A, whereas at large negative dispersion, the fit is better for System B.
In Fig. 2 (middle), we plot the width of the dechirped pulse at the exit to the system as a function of the round-trip dispersion, β RT . For Systems A, B, and C, the smallest pulse widths are 105 fs at β RT 0 kfs 2 , 52 fs at β RT 20 kfs 2 , and 81 fs at β RT 0 kfs 2 , respectively. For Systems A and B, the pulse widths are less than 140 fs and 70 fs, respectively, Research Article when jβ RT j < 50 kfs 2 . These results corroborate those of Renninger et al. [20] that the pulse width in a similariton laser is largely independent of the round-trip dispersion. On the other hand, for System C, the pulse width increases more rapidly as jβ RT j increases.
In Fig. 3 , we plot the RMS pulse width, peak power, and RMS spectral width as functions of the round-trip dispersion, β RT , at the entrance (top row) and exit (bottom row) of the fiber amplifier. In Fig. 2 (right) , we plot the chirp at the exit to the fiber amplifier, which crosses zero near the minimally compressed pulse width, and which behaves quite differently for the wide-filter System C than for Systems A and B. For all three systems, the pulse width at the entrance to the fiber amplifier is minimized at small positive dispersion (β RT 10 kfs 2 ), and at that dispersion value, it is smallest for System C. However, for System C the pulse parameters are more sensitive to variations in β RT than is the case for Systems A and B.
For all three systems, the pulse dynamics are closest to that of a similariton when the round-trip dispersion is close to zero. In particular, the energy gain in the fiber amplifier (not shown) is largest near zero dispersion, and ranges between a factor of 25 and 44 for System A, 18 and 41 for System B, and 11 and 36 for System C as the dispersion varies. In addition, the pulse width and spectral width both increase by factors of between 3 and 8 in the fiber amplifier. In particular, the pulse width at the entrance to the fiber amplifier is smallest when the roundtrip dispersion is small and positive (β RT ≈ 0 − 20 kfs 2 ), which results in greater nonlinear spectral broadening in the fiber amplifier. As a consequence, more of the pulse spectrum is cut out by the narrowband optical filter, and so the input energy to the fiber amplifier is also smallest in this dispersion range. Fig. 2 . Left, relative error between the pulse at the exit to the fiber amplifier and the best-fit parabolic pulse as a function of β RT ; middle, minimum pulse width after pulse compression at the exit to the laser system as a function of β RT ; right, chirp at entrance to fiber amplifier. The results for Systems A, B, and C are shown with red crosses, blue circles, and black squares, respectively. In addition, for Systems A and C, the pulse is closest to being parabolic in this same small positive dispersion interval. These pulse dynamics are consistent with that expected of a fiber laser operating in the similariton regime. However, the self-similar, asymptotic solution of the nonlinear Schrödinger equation with simple gain found by Fermann et al. [15] only provides qualitative insight into the pulse dynamics in similariton lasers due to the gain saturation, finite bandwidth, and relatively short length of the fiber amplifier [2, 16, 18] . For Systems A and B, the greater the magnitude of the round-trip dispersion, the less the pulse parameters increase in the fiber amplifier, and the less the pulse behaves like a similariton. Nevertheless, across the entire 200 kfs 2 dispersion range, there is still a large increase in the spectral width of the pulse in the fiber amplifier by a factor of between 2.5 and 8, which is compensated by the action of the narrowband optical filter.
For System C, with large positive dispersion (β RT ≥ 60 kfs 2 ), the pulse is only weakly influenced by the optical filter. In this parameter regime, the pulse entering the fiber amplifier has a lower peak power and a much larger pulse width than is the case for Systems A and B. Therefore, the effect of the nonlinearity in the fiber amplifier is weaker. As a consequence, both the pulse width and spectral width only increase by factors of between 1.2 and 1.6 in the fiber amplifier. In addition, as we saw in Figs. 1 and 2 , at the exit to the fiber amplifier the pulse is close to a Gaussian and the minimum compressed pulse width is much larger than for the other two systems. In summary, in the positive dispersion regime, the pulse dynamics for System C appear to be closer to that of a stretched-pulse laser [25] than to that of a similariton laser.
We now examine the noise performance of the three systems. In the top row of Fig. 4 , we plot the frequency jitter (left) and energy jitter (middle) as functions of the round-trip dispersion, β RT . Both quantities are constant as a function of the number of round trips, which is to be expected since the narrowband optical filter stabilizes the frequency, and the gain saturation in the fiber amplifier stabilizes the energy. However, both jitters vary as a function of β RT . This variation is not due to statistical error, since the width of the confidence intervals (not shown) is on the order of 5% of the mean jitter values, and since the jitter plots are independent of the degree of artificial noise scaling (see Section 5) . The frequency jitter is smaller for System B than for System A, since for System B the pulse spectrum at the exit to the fiber amplifier occupies more of the available bandwidth of the optical filter (see Fig. 3 ). Consequently, the optical filter better stabilizes the central frequency of the pulse in the case of System B than in the case of System A. When β RT < −20 kfs 2 , the frequency jitter is the same for Systems A and C. However, for β RT > 0, the frequency jitter is about 3 times larger for System C than for System A. We suggest that the larger frequency jitter of System C when β RT > 0 may be due to differences in the pulse parameters of Systems A and C. Specifically, as we see in the bottom row of Fig. 3 , at the exit to the fiber amplifier as the dispersion increases from zero, the pulse width tends to increase more rapidly, and the peak power and spectral width tend to decrease more rapidly for System C than for System A.
Next, we consider the timing and phase variance, which we found both increase linearly as a function of the number of round trips. Therefore, in the bottom row of Fig. 4 , we plot the timing jitter (left) and phase jitter (middle) per round trip as functions of β RT . We recall that these jitters equal the square roots of the corresponding variances. Once again, the width of the confidence intervals (not shown) is on the order of 5% of the mean jitter values. In addition, we used hypothesis testing to conclude that the time-phase covariance is zero.
In both experiments and theory, it is common practice to plot the timing jitter spectrum, S Δt , as a function of frequency, and to report values, σ int , of timing jitter obtained by integrating S Δt over a specified frequency interval, f min , f max . Here we report values of the timing jitter per round trip, σ Δt , which is related to the integrated timing jitter by the formula σ Δt 2πf min T R 1∕2 σ int [4] . For the results reported in this paper, we use f min 10 kHz and T R 10 ns, so that σ int 15.9σ Δt .
For the results in Fig. 4 , the minimum timing jitter per round trip is σ Δt 11 as, which occurs for System C at β RT −10 kfs 2 and corresponds to an integrated timing jitter of σ int 175 as. For Systems A and B, the minimum timing jitter per round trip is σ Δt 23 as and 19 as, respectively, both at β RT −30 kfs 2 . For System C, although σ Δt < 25 as when −40 kfs 2 < β RT < 0, the timing jitter increases very rapidly as β RT increases from zero, reaching 415 as when β RT 100 kfs 2 . By comparison, for Systems A and B, the timing jitter is much less sensitive to the round-trip dispersion, especially for System B for which σ Δt < 50 as over the entire dispersion range. Similar trends hold for the phase jitter, with the minimum phase jitter per round trip being 0.184 mrad for System B at β RT −50 kfs 2 . However, for System C, the phase jitter function has a complicated structure with several local optima that are not due to statistical fluctuations. Motivated by the analysis of timing jitter in a stretched-pulse laser by Namiki and Haus [25] , we suggest that the complexity of this structure is due to different phase-shift mechanisms dominating in different dispersion regimes.
Finally, we examine the optical linewidth as a function of the dispersion at three representative frequencies. For these results, we used Eq. (20) to calculate the linewidths in terms of the numerically computed values of the phase and timing variance. First, by Eq. (20) , the linewidth at the central frequency is proportional to the phase variance per round trip and has a minimum value of 0.54 Hz with System B at β RT −50 kfs 2 . (The phase jitter-which is the square root of the phase variance-is shown in the middle of the bottom row of Fig. 4 .) Next, in the right column of Fig. 4 , we plot the linewidth as a function of the round-trip dispersion, β RT , for the comb lines at the frequencies for which the power is 50% (top) and 10% (bottom) of the maximum spectral power for System A when β RT 0. At 50% power, the minimum linewidths are 3.4 Hz for System A at −40 kfs 2 , 1.9 Hz for System B at −30 kfs 2 , and 1.5 Hz for System C at −10 kfs 2 . At 10% power, they are 6.1 Hz for System A at −30 kfs 2 , 3.75 Hz for System B at −30 kfs 2 , and 2.1 Hz for System C at −10 kfs 2 . Just as for the phase and timing jitter, we find that the linewidth is smallest (or close to smallest) for System B, whereas for System C, it increases rapidly as the dispersion increases from zero.
DISCUSSION
There are experimental studies of timing jitter in Yb-fiber lasers that show trends similar to our results, and which have been explained using the Namiki-Haus theory for timing jitter in a stretched-pulse fiber laser [25] . However, we are not aware of any prior studies-theoretical or experimental-on the phase jitter in nonsolitonic, passively modulated fiber lasers. While there have been experimental studies of the comb linewidths in nonsolitonic lasers [13, 14, 36] , we know of no prior theoretical or computational studies valid for periodically stationary pulses with large changes each round trip. Significantly, our optical linewidth results are consistent with prior experimental ceo-linewidth results of Nugent-Glandorf et al. [14] and of Wise [36] .
The timing jitter for System C, which has the wider optical filter, shares some qualitative properties with theoretical results obtained by Namiki and Haus [25] for stretched-pulse lasers. In such lasers, a periodically stationary, chirped Gaussian pulse circulates in a loop consisting of two segments of nonlinear fiber, with opposite signs of dispersion. As a result, the pulse is periodically stretched and recompressed each round trip. This mechanism for pulse breathing is very different from that in a similariton laser, where the pulse width first increases exponentially due to the strong nonlinearity in the fiber amplifier and is then instantaneously decreased by the narrowband optical filter. Despite the different pulse shaping mechanisms, we will show that there are strong similarities in the behavior of the timing jitter in stretched-pulse lasers and in similariton lasers, especially those with wider optical filters. Two of the main results of Namiki and Haus are a formula for the pulse chirp in terms of the system parameters and a formula for the timing jitter as a function of the system parameters and the pulse chirp. They show that the chirp is close to zero for negative dispersion, is small and negative at zero dispersion, and decreases as the dispersion increases above zero. In the negative dispersion regime, this behavior is similar to the results we obtained in Fig. 2 (right) for the chirp at the entrance to the fiber amplifier, although the trends are quite different in the positive dispersion regime. They also study the dependence of the timing jitter on the round-trip dispersion and obtain a hockey-stick-shaped curve that is similar to the timing jitter we obtained for System C in Fig. 4 . Their theory shows that there are two main sources of timing shifts: those due to the dispersion-induced conversion of frequency-to-time shifts, and those due to the optical filtering of a chirped pulse. Moreover, they show that a larger pulse width leads to a larger timing jitter, and that if the chirp is nonzero at zero dispersion, then the minimum timing jitter occurs at small negative dispersion rather than at zero dispersion. These results are all consistent with the results in Fig. 4 , especially for System C. Moreover, different terms in their formula for the timing jitter can dominate in different dispersion regimes. Therefore, depending on the system parameters, there is the potential for large changes in the slope of the timing jitter curves as the dispersion increases from negative to positive dispersion. Indeed, this phenomenon can be observed in the timing jitter plots for System C in Fig. 4 . We suggest that a further development of the Namiki-Haus stretched-pulse theory, or a related theory specific to similariton lasers, could also provide qualitative explanations for the frequency and phase jitter plots shown in Fig. 4 .
Our results are also consistent with several experimental studies of timing jitter. Song et al. [21] measured timing jitter spectra for a Yb-fiber laser operating in the soliton, stretchedpulse, and similariton regimes. This system did not include a narrowband optical filter. As the round-trip dispersion increased from −4 to 0 to 3 kfs 2 , the integrated timing jitter first decreased slightly from 230 as (16 as per round trip) to 175 as (12 as per round trip) and then increased dramatically to 1,100 as (74 as per round trip). In a second paper, Song et al. [22] measured timing jitter spectra of a stretched-pulse Yb-fiber laser for several values of the round-trip dispersion. They found that the timing jitter was smallest at zero dispersion, only slightly larger at small negative dispersion, but was significantly larger at small positive dispersion. For an Er-fiber laser, Kim et al. [37] obtained a minimum integrated timing jitter of 70 as (corresponding to 5 as per round trip) when the roundtrip dispersion was −2 kfs 2 . They also showed that the timing jitter predicted by the Namiki-Haus model for their system was 3-6 times smaller than the measured value.
Two approaches have been explored to reduce the timing jitter in a fiber laser. By inserting a 7 nm optical filter into a loop with a round-trip dispersion of 8 kfs 2 , Qin et al. [23] reduced the integrated timing jitter by a factor of 12 to 57 as. They also showed that with an optical filter, the timing jitter is less dependent on the dispersion than without it. These results are consistent with the smaller timing jitter and timing jitter slope we observe in the positive dispersion regime for System A, which has a narrower optical filter than System C. More recently, by shortening the length of the nongain fiber and using a round-trip dispersion between −2 and 0 kfs 2 , Kim et al. [24] , obtained a record-low integrated timing jitter for a Yb-fiber laser of 14.3 as, which is comparable to the performance of the lowest timing jitter Ti:sapphire solid-state lasers.
The simulation results that we obtained for the optical comb linewidth as a function of the round-trip dispersion are also consistent with experimental measurements of the ceo linewidths in free-running mode-locked fiber lasers. In experiments, the ceo frequency, f ceo , is measured using the frequency-doubling self-referencing technique of Jones et al. [38] , in which f ceo 2ν n − ν 2n , where ν n and ν 2n are octave-separated frequencies in the comb. Consequently, the ceo linewidth is related to the widths of optical comb lines near the red and blue ends of the pulse spectrum.
For a Yb-fiber laser without a narrowband filter, NugentGlandorf et al. [14] studied the dependence of the linewidth of the ceo frequency as a function of the dispersion from β RT −6 kfs 2 to 11 kfs 2 . They found that the ceo linewidth was minimized at zero dispersion, and, as in Fig. 4 , that it increases more rapidly as the dispersion increases from zero than when it decreases. In experiments performed using a similariton laser, Wise [36] found that the ceo linewidth decreases at higher pulse energy. This result is consistent with the lower optical linewidths we observe for System B than for System A. In addition, he found that without an optical filter, the ceo linewidth is smallest at zero dispersion, and that it increases more rapidly when the dispersion increases from zero than when it decreases. This trend is the same as that found by Nugent-Glandorf et al. [14] and that we observed for optical linewidths with System C (see Fig. 4 ). However, with an optical filter, Wise found that the ceo linewidth is larger near zero dispersion than without the filter, and increases less rapidly as the magnitude of the dispersion increases, consistent with the results of Qin et al. [23] discussed above. Taken together, these trends are similar to those we show in Fig. 4 for Systems C and A.
CONCLUSION
For a Yb-fiber laser operating in or near the similariton regime, we used Monte Carlo simulations together with a formula for the optical comb linewidths to compute the jitter in the energy, frequency, timing, and phase of the pulse, and the widths of the lines in the frequency comb, as functions of the round-trip dispersion. Our results provide a more systematic investigation of the parameter space of Yb-laser systems and a more complete description of the noise performance than has so far been obtained in experiments. Over a wide range of dispersion values, the dechirped pulse width, timing jitter, phase jitter, and comb linewidths are smaller at higher average pulse energy. However, over a narrow range of negative dispersion values near zero, the timing jitter and comb linewidths are smaller with a wider optical filter. On the other hand, with the wider optical filter, the pulse width increases significantly, and the noise performance deteriorates rapidly as the dispersion increases above zero. Together with a theoretical study of the timing jitter in a stretched-pulse laser by Namiki and Haus [25] , our results provide a partial explanation for the trends in the ceo linewidths that were experimentally measured by Nugent-Glandorf et al. [14] . Nevertheless, our work highlights the need for both analytical and computational perturbation theories that can predict and more fully explain the dependence of jitter and comb linewidths on the system parameters, and that are valid for systems in which there are large changes in the pulse parameters each round trip. An outline for such a general computational theory of the stability and noise performance of fiber lasers is given in recent papers of Menyuk and Wang [6] and Shen et al. [39] .
